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Abstract
In this paper, we give an affirmative answer to Tanaka’s question: Is a space X with a σ -hereditarily
closure-preserving weak base g-metrizable? [Proc. Aroc. Amer. Math. Soc. 112 (1991) 283] and
a negative answer to S. Lin’s question: Is every weak base of a topological space a k-network?
[S. Lin, Generalized Metric Spaces and Maps, Science Press, 1995, Problem 1.6.20]. We also discuss
mapping theorems on weak bases and the product of weak bases.
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1. Introduction
The concept of weak base was introduced by Arhangel’skii [1]. Siwiec [21] defined
g-metrizable spaces as spaces with a σ -locally finite weak base in 1976. Foged [3], Tanaka
[23], Lin [8], Liu and Dai [17] have made many contributions to this field. Foged [3] char-
acterized a g-metrizable space as a g-first countable and ℵ-space. On the other hand, Burke
et al. [2] proved that a topological space X is metrizable if and on if X has a σ -hereditarily
closure-preserving base. This result generalized the classic Nagata–Smirnov theorem: X
is metrizable if and only if X has a σ -locally finite base. Tanaka [23] asked: Is a space
with a σ -hereditarily closure-preserving weak base g-metrizable? Tanaka [23] and Lin
[8] gave a partial answer to this question by showing that a k-space with a σ -hereditarily
closure-preserving weak base is g-metrizable. Liu [14] also gave some partial answers to
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weak base is g-metrizable. It gives an affirmative answer to the Tanaka’s question.
The concept of k-network plays a very important role in the study of g-metrizable
spaces. Foged proved that X is a g-metrizable space if and only if X is a g-first count-
able space with a σ -locally finite k-network. Tanaka [23] and Lin [8] improved Foged’s
result by showing that X is g-metrizable if and only if X is a g-first countable space with
a σ -hereditarily closure-preserving k-network. Dai and Liu [17] generalized Tanaka and
Lin’s result: A k-space with a σ -hereditarily closure-preserving k-network is g-metrizable
if and only if X contains no closed copy of Sω. It is known [24], for spaces in which each
compact set is Fréchet, that a weak base is actually a k-network. Lin [10] asked “Is every
weak base a k-network?”. We shall give a negative answer to this question.
All spaces in this paper are assumed to be regular and T1, unless stated otherwise. All
maps are continuous and onto. N denotes the natural numbers. Readers may refer [5,6] for
unstated definitions. We first recall several definitions.
Definition 1.1. A weak base [1] for a topological space X is a collection P =⋃{Px : x ∈
X} of subsets of X such that
(1) for each x, Px is closed under finite intersections and x ∈⋂Px , and
(2) a subset U of X is open if and only if for each x ∈ U , there exists a Px ∈Px such that
x ∈ Px ⊂ U .
Recall a space is g-metrizable [21] if it has a σ -locally finite weak base, and a space is
g-first countable if each Px is countable. A space is called g-second countable [21] if it
has a countable weak base.
Definition 1.2. A family {B(α): α ∈ I } is called hereditarily closure-preserving if for
J ⊂ I , {C(α): C(α) ⊂ B(α), α ∈ J } is closure preserving.
Obviously, a locally finite family is hereditarily closure-preserving.
Definition 1.3. Let P be a cover of X. Then P is a k-network for X if for any compact set
K and for any open set U such that K ⊂ U , K ⊂⋃P ′ ⊂ U for some finite P ′ ⊂P .
A space is an ℵ-space [19] if it has a σ -locally finite k-network, and a space is ℵ0-space
[18] if it has a countable k-network.
2. Tanaka and Lin’s questions
In this section, we shall give answers to Tanaka and Lin’s questions.
Question 2.1 [23]. Is a space with a σ -hereditarily closure-preserving weak base
g-metrizable?
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Lemma 2.1. Let P =⋃{Px : x ∈ X} be a weak base of a space X and A a closed subset
of X. Then {A∩ P : P ∈ P} is a weak base of A.
Proof. For x ∈ A, it is easy to see that {P ∩A: P ∈Px} is closed under finite intersections
and x ∈ (⋂Px) ∩ A. Let U ⊂ A. If U is open in A, there is an open subset V of X, U =
V ∩A. For x ∈ U , there is a P ∈ Px such that x ∈ P ⊂ V . x ∈ P ∩A ∈ {P ∩ A: P ∈ Px}.
If for each x ∈ U , there exists a P ∩ A ∈ {P ∩ A: P ∈ Px} such that x ∈ P ∩ A ⊂ U ,
we prove that U is open in A. For x ∈ V = X\(A\U), if x ∈ X\A, since A is closed,
there is a P ∈ Px such that P ⊂ V . If x ∈ U there is a P ∩ A ∈ {P ∩ A: P ∈ Px} such
that x ∈ P ∩ A ⊂ U , it means that P ∈ Px and P ⊂ V . Hence V is open in X, therefore
U = V ∩ A is open in A. 
A space X is said to have property (∗) [14] if for any non-isolated point of X, there is a
non-trivial sequence in X converging to the point.
Lemma 2.2. Let X = {∞} ∪ {xα: α ∈ Γ }, with each xα an isolated point and ∞ a
non-isolated point. If X has a σ -hereditarily closure-preserving weak base, then X has
property (∗).
Proof. Let P =⋃{Px : x ∈ X} be the σ -hereditarily closure-preserving weak base of X.
For x ∈ X, we define P ′x as follow: if x = xα , P ′x = {{xα}}. If x = ∞, P ′x = P∞. Put
P ′ =⋃{P ′x : x ∈ X}, then P ′ is a σ -hereditarily closure-preserving weak base of X. It is
easy to see that each element of P ′ is open in X, hence P ′ is a σ -hereditarily closure-
preserving base of X. By [2], X is a metrizable. Since ∞ is only non-isolated point of X,
there is a non-trivial sequence converging to ∞. Therefore, X has property (∗). 
Lemma 2.3 [14, Theorem 4]. A space X is g-metrizable if and only if X has a
σ -hereditarily closure-preserving weak base and the property (∗).
Theorem 2.1. A space X is g-metrizable if and only if X has σ -hereditarily closure-
preserving weak base.
Proof. Necessity is trivial. For sufficiency, we only need to prove that X has property (∗)
in terms of Lemma 2.3. Let B =⋃{Px : x ∈ X} =⋃n∈NPn be a σ -hereditarily closure-
preserving weak base, x0 be a non-isolated point, and Px0(n) = Px0 ∩ Pn. Since x0 is
non-isolated, x0 ∈ P \{x0} for P ∈ Px0 . X is a σ -space, so there is sequence of open sub-
sets {Vn: n ∈ N} such that ⋂n∈N Vn = {x0}, Vn+1 ⊂ Vn. Pick x(P,n) ∈ (P \{x0}) ∩ Vn,
where P ∈ Px0(n), n ∈ N. Let Y = {x0} ∪ {x(P,n): P ∈ Px0(n), n ∈ N}. Then Y is a
closed subset of X and x0 is the unique non-isolated point of Y . By Lemma 2.1, Y has a
σ -hereditarily closure-preserving weak base. Then Y has property (∗) by the Lemma 2.2,
therefore X has the property (∗). 
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weakly hereditarily closure-preserving family1 was introduced and a counterexample that
a space with a σ -weakly hereditarily closure-preserving base is not metrizable was given.
That space is not g-metrizable either, since a g-metrizable space is a k-space and a k-space
with a σ -weakly hereditarily closure-preserving base is metrizable [2]. In [15], the author
proved that a separable space with a σ -weakly hereditarily closure-preserving weak base
is g-metrizable under (CH). We do not know if we can omit (CH). Another question was
posed by the author in [13]: Is a space with a σ -compact-finite weak base g-metrizable?
Even the following is unknown: Is a separable space with a σ -compact-finite weak base
g-metrizable in ZFC?
Among very broad spaces, weak bases are k-networks. For example, a point-countable
weak base is a k-network. Also, any weak base is a k-network if every point of the space
is a Gδ-set [24]. Lin asked the following question:
Question 2.2 [10, Question 1.6.20]. Is every weak base of a regular T1 space a k-network?
We give a negative answer to the question.
Example 2.1. LOTS X = [0,ω1] has a weak base that is not a k-network for X.
Proof. We define weak base for X as follows: For α ∈ ω1, if α is a successor ordinal,
Tα = {{α}}; if α is a limit ordinal, Tα = {(β,α]: β < α}. For α = ω1, Tα = {(β,ω1] ∩
L: β < ω1}, L is the set of all limit ordinals. Put T =⋃{Tα: α  ω1}.
Claim 2.1. T is a weak base for X.
We only need to prove that U ⊂ X is open if for α ∈ U , there is a T ∈ Tα such that
T ⊂ U . If ω1 /∈ U , obviously, U is open. If ω1 ∈ U , there is T0 ∈ Tω1 such that T0 ⊂ U .
T0 = (α,ω1] ∩ L for some α < ω1. Then (β,ω1] ⊂ U for some β > α. Suppose not, there
are successor ordinals α1, α2, . . . , αn, . . . such that αn+1 ∈ (αn,ω1]\U . Let β = sup{αn},
then β ∈ T0 ⊂ U , hence there is T1 ∈ Tβ such that T1 ⊂ U and T1 contains infinitely
many αn. This is a contradiction. Therefore T is a weak base.
Claim 2.2. T is not a k-network.
It is easy to see that any collection of finitely many elements of T cannot cover X, and
X is a compact subset, so T is not a k-network. 
3. Mapping theorems on weak bases
We shall discuss the mapping theorems on weak bases.
1 A family {B(α): α ∈ I } is called weakly hereditarily closure-preserving if {xα : xα ∈ B(α), α ∈ I } is closed
discrete.
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the sequential fan Sω is a perfect image of the Arens space S2.2 The Arens space is a
g-second countable space. But Sω is not g-first countable. In [16], the author proved that
g-metrizable spaces are preserved by closed sequence-covering mappings.3 It is natural
to ask: “σ -locally countable weak bases or σ -compact-finite weak bases are preserved by
closed sequence-covering mappings ?” We shall give some partial answers. For a subset B
of a space X, let S(B) = {x ∈ X: x is a limit point of a sequence in B}.
Lemma 3.1. Let f :X → Y be a closed sequence-covering mapping. Suppose that X has
a point-countable weak base, then Y is g-first countable.
Proof. Since Y is a k-space with a point-countable k-network [9, Theorem 5], Y is g-first
countable if Y contains no closed copy of Sω [25, Corollary 10]. Suppose Y is not g-first
countable, let {y} ∪ {yi(n): i ∈ N, n ∈ N} be a closed copy of Sω in Y , where yi(n) → y
as i → ∞. For k ∈N, let Lk =⋃{yi(n): i ∈N, n k}. Then Lk is a sequence converging
to y. Let Mk be a sequence of X converging to uk ∈ f−1(y) with f (Mk) = Lk , we rewrite
Mk =⋃{xi(n, k): n k} such that f (xi(n, k)) = yi(n).
Case 1: {uk: k ∈N} is finite.
There is a k0 ∈ N such that Mk → uk0 for infinitely many k, then X contains a closed
copy of Sω. This is a contradiction because X is g-first countable.
Case 2: {uk: k ∈N} is not finite.
Subcase 1: {uk: k ∈N} is not discrete.
There is a sequence of {uk: k ∈ N} converging to a point u ∈ f−1(y). Without loss
of generality, we assume uk → u as k → ∞. Let B = {uk: k ∈ N} ∪ {Mk: k ∈ N}, and let
A = S(B). Since X has a point-countable k-network, A has a point-countable k-networkP .
It is easy to see that {P ∩ A: P ∈ P, P ∩ B 
= ∅} is a countable network for A, hence
each point is Gδ-set. Let {Um} be a sequence of open subsets of A with Um+1 ⊂ Um,
{u} =⋂{Um: m ∈ N}. Fix n, pick xim(n, km) ∈ U(m) ∩ {xi(n, km)} with im < im+1, then
{f (xim(n, km))} is a subsequence of {yi(n)}. Since f is closed, {xim(n, km)} is not discrete
in X, notice that X is a sequential space, there is a sequence of {xim(n, km)} converging
to point h ∈ X, h ∈ A, hence {xim(n, km)} is not discrete in A. Since xim(n, km) ∈ U(m),
{xim(n, km)} has only one cluster point u in A, therefore xim(n, km) → u. It is obvious that
{u} ∪ {xim(n, km): n ∈N, m ∈N} is a closed copy of Sω. Thus, X contains a (closed) copy
of Sω. This is a contradiction, for X has a point-countable weak base.
Subcase 2: {uk: k ∈N} is discrete.
Let B = {uk: k ∈N}∪{Mk: k ∈N}, and let A = S(B). Then A has a countable network,
hence A is normal. Let {V (k): k ∈N} be a discrete family consisting of open subsets of A
with uk ∈ V (k). Pick xik (1, k) ∈ V (k)∩{xi(1, k)} such that {f (xik (1, k))} is a subsequence
2 S2 = (N × N) ∪ N ∪ {∞} is the space with each point of N × N isolated. A basic neighborhood of n ∈ N
consists of all sets of the form {n} ∪ {(m,n): m k}. And U is a neighborhood of ∞ if and only if ∞ ∈ U and
U is a neighborhood of all but finitely many n ∈N.
3 A map f :X → Y is sequence-covering [20] if whenever L is a sequence in Y converging to y ∈ Y , there
exists a sequence M in X with M → x such that f (M) = L, where x ∈ f−1(y).
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is discrete in X, hence {f (xik (1, k))} is discrete. This is a contradiction.
Therefore, Y is g-first countable. 
Lemma 3.2. Let f :X → Y be a closed map and X have a point-countable weak base.
Then ∂f−1(y) is compact for each y ∈ Y if Y contains no closed copy of Sω.
Proof. Let A = {x ∈ ∂f−1(y): there is a sequence L ⊂ X\f−1(y) converging to x}.
Claim 3.1. A = ∂f−1(y).
Suppose not, let B = f−1(y)\A and C = ∂f−1(y)\A, C 
= ∅, then B\ int(f−1(y)) 
= ∅.
For any sequence K converging to a point x ∈ B , if x is in the interior of f−1(y), K
is eventually in B . If x ∈ C, A ∪ (X\f−1(y)) contains no subsequence of K , so K is
eventually in B . Since X is a sequential space. Then B is open. Hence B ⊂ int(f−1(y)).
This is a contradiction.
Suppose that ∂f−1(y) is not compact for some y ∈ Y , it is not countably compact ei-
ther because every countably compact subset of a sequential space with a point-countable
k-network is compact [6], there exist a countable closed discrete subset {x(n): n ∈ N} ⊂
∂f−1(y). Since X is sequential space, X has countable tightness. For each n ∈ N, we
choose a countable subset {x(m,n)} ⊂ A such that x(n) ∈ {x(m,n)}. For each m ∈ N,
let Lmn ⊂ X\f−1(y) be a sequence converging to x(m,n). Let Z = {x(n): n ∈ N} ∪
{x(m,n): m,n ∈ N} ∪ {Lmn: m,n ∈ N}. Then S(Z) has a countable network, hence it
is normal. {x(n)} is a countable discrete subset of S(Z), there are countable discrete open
subsets {U(n)} of S(Z) such that x(n) ∈ U(n) for each n ∈N. U(n) contains x(mn,n) and
a subsequence L′mnn of Lmnn for some mn.
Claim 3.2. For any finite subset Fn of L′mnn,
⋃{Fn: n ∈N} is closed (discrete) in X.
Suppose not, since X is a sequential space, there is a sequence {xn} converging to a point
x0 ∈ X, where xn ∈ Fn. We can see that x0 ∈ S(Z), it means that {xn} is not closed in S(Z),
this is a contradiction because xn ∈ U(n) and {U(n)} are discrete open subsets of S(Z).
Since f is a closed map, it is easy to see that {y} ∪ {f (L′mnn): n ∈ N} is a closed copy
of Sω. 
Proposition 3.1. σ -locally countable bases are preserved by closed sequence-covering
mappings.
Proof. Let f :X → Y be a closed sequence-covering mapping and X have a σ -locally
countable base. Then Y is Fréchet and g-first countable by Lemma 3.1, hence Y is first
countable [1]. Y contains no closed copy of Sω, then, ∂f−1(y) is compact for each y ∈ Y
by Lemma 3.2. We can find closed subspace X1 ⊂ X such that f |X1 :X1 → Y is a perfect
map. X1 has a σ -locally countable base, then Y has a σ -locally countable base [4]. 
We do not know if closed sequence-covering mappings preserved σ -locally countable
weak bases. But we have the following.
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irreducible4 sequence-covering mappings.
Proof. Let f :X → Y be a closed irreducible sequence-covering mapping and X have
a σ -locally countable weak base (σ -compact-finite weak base) B. By Lemma 3.1, Y is
g-first countable. Since Y contains no closed copy of Sω, by Lemma 3.2, ∂f−1(y) is
compact for each y ∈ Y . f is irreducible, then f−1(y) is compact. It is easy to check
that sequence-covering mappings preserve cs-network.5 f (B) is a σ -locally countable
cs-network (σ -compact-finite cs-network) for Y . Hence Y has a σ -locally countable weak
base (σ -compact-finite weak base) in view of the proof of [12, Lemma 7(3)]. 
Theorem 3.2. Let X have a point-countable weak base. If any perfect image of X has a
point-countable weak base, then X has a point-countable base.
Proof. Suppose that X contains a closed copy of the Arens space S2 = (N×N)∪N∪{∞},
let Y be the quotient space by identifying N ∪ {∞} to be a point. It is easy to see that the
quotient map is a perfect map and Y contains a copy of Sω. Since Y has a point-countable
weak base, Y contains no copy of Sω, this is a contradiction. Hence X contains no closed
copy of S2. By [9, Corollary 2.13], X is a Fréchet-space, hence X is first countable [1].
Therefore X has a point-countable base [6]. 
4. Product of weak bases
Usually the product of two g-first countable spaces need not to be g-first countable. In
this section, we study when the product of two spaces with a certain weak base has the
corresponding weak base.
Lemma 4.1. Let B1 =⋃{Bx : x ∈ X}, B2 =⋃{By : y ∈ Y } be a weak base for spaces X,Y
respectively. Then
⋃{Bx × By : (x, y) ∈ X × Y } is a weak base for X × Y if X × Y is a
sequential space.
Proof. We only need to prove that a subset U ⊂ X × Y is open if for any (x, y) ∈ U ,
there is a B = Bx × By ∈ Bx × By such that (x, y) ∈ B ⊂ U . Since X × Y is sequential,
we prove that U is sequential open. For any sequence (xn, yn) → (x, y) ∈ U , xn → x,
yn → y. Bx,By is a weak neighborhood of x, y respectively, Bx contains a tail of {xn} and
By contains a tail of {yn}, so Bx × By contains a tail of {(xn, yn)}. U is sequential open,
hence it is open. Therefore
⋃{Bx ×By : (x, y) ∈ X × Y } is a weak base for X × Y . 
4 A map f :X → Y is called a closed irreducible map if there exists no closed proper subset X1 of X such that
f |X1 :X1 → Y is a closed surjection.5 A cover P of X is a cs-network of X if, whenever L is a convergent sequence with the limit point x such that
L∪ {x} ⊂ U with U open in X, then for some P ∈P , x ∈ P ⊂ U , and P contains a tail of L.
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X × Y is sequential if and only if one of the following holds:
(1) X and Y are first-countable.
(2) X or Y is locally compact.
(3) X and Y are locally kω-spaces.6
The following holds by [22, Theorem 2.2].
Lemma 4.3. Let X,Y be sequential spaces. Then X × Y is a sequential spaces if and only
if X × Y is a k-space.
Theorem 4.1. Let X,Y have a point-countable (σ -locally finite, σ -locally countable,
σ -compact-finite) weak base. Then the following are equivalent:
(a) Then X × Y has a point-countable (σ -locally finite, σ -locally countable, σ -compact-
finite) weak base.
(b) X × Y is a sequential space.
(c) X × Y is a k-space.
(d) One of the following conditions holds
(1) X and Y are first-countable.
(2) X or Y is locally compact.
(3) X and Y are locally kω-spaces.
Proof. (a) ⇒ (b) ⇒ (c) are trivial. Since X,Y have a point-countable cs-network, (b) ⇒
(d) and (d) ⇒ (b) due to Lemma 4.2. (c) ⇒ (b) are due to Lemma 4.3. By Lemma 4.1, (b)
implies (a). 
Since a compact space with a point-countable weak base is metrizable [7, Theorem 3],
then a locally compact space with a point-countable weak base is first countable. We have
the following.
Corollary 4.1. Let X have a point-countable (σ -locally finite, σ -locally countable,
σ -compact-finite) weak base. Then X2 has a point-countable (σ -locally finite, σ -locally
countable, σ -compact-finite) weak base if and only if X is first-countable or X is locally
kω-space.
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